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We show how to make quantum networks, both standard and entanglement-based, genuine quan-
tum by providing them with the possibility of handling superposed tasks and superposed addressing.
This extension of their functionality relies on a quantum control register, which specifies not only
the task of the network, but also the corresponding weights in a coherently superposed fashion.
Although adding coherent control to classical tasks, such as sending or measuring —or not doing
so—, is in general impossible, we introduce protocols that are able to mimick this behavior under
certain conditions. We achieve this by always performing the classical task, either on the desired
state or a properly chosen dummy state. We provide several examples, and show that externally
controlling quantum superposition of tasks offers new possibilities and advantages over usually con-
sidered single functionality. For instance, superpositions of different target state configurations
shared among different nodes of the network can be prepared, or quantum information can be sent
among a superposition of different paths or to different destinations.
I. INTRODUCTION
Quantum networks promise to be the backbone of up-
coming quantum technologies [1, 2]. Several tasks have
been identified where quantum effects allow one to ob-
tain an advantage over classical approaches, or even make
things possible in the first place. Many of these applica-
tions are based on the distribution of quantum states to
spatially separated parties and by exploiting truly quan-
tum features such as entanglement. This includes secu-
rity applications such as key distribution [3–5], secret
sharing [6, 7] and secret voting [8, 9], distributed (or
cloud) quantum computation [10], as well as improved
sensing or time and frequency standards [11–13].
There are basically two approaches to such quantum
networks: a bottom-up [2, 14] and a top-down approach
[15]. The former one conceptually closely relates to classi-
cal networks. In a bottom-up approach, the quantum net-
work completes requests and tasks by sending quantum
states through channels, from network device to network
device. Even though there are some new elements, such
as the generation of quantum states or the transmission of
quantum information, well-established concepts of classi-
cal networks, such as routing or addressing, still appear
to be applicable or at least adjustable. The latter ap-
proach to quantum networks, i.e. a top-down approach,
consists of entanglement-based networks, where devices
prepare entanglement beforehand, which is subsequently
manipulated in order to complete desired requests. In
both cases, stack models [16, 17] that define necessary
elements and functionalities have been proposed and an-
alyzed. However, so far the desired functionality of net-
works is restricted to a specific, classically defined task
such as transmitting quantum information to a specific
node in the network, or to prepare a certain multipartite
entangled quantum state shared among different parties.
In this work we lift the functionality of quantum net-
works to a genuine quantum level by introducing tech-
niques and procedures which enable network devices to
complete tasks and to address other devices in a coher-
ent fashion. Besides, these tasks can in principle be con-
trolled in a quantum way from the outside. This allows
for several interesting applications such as the prepara-
tion of superpositions of desired target states, possibly
shared among different parties. Other applications in-
clude the transmission of quantum information to a su-
perposition of different receivers, as well as sending quan-
tum information over a superposition of different paths.
Note that this goes beyond multi-path routing as consid-
ered e.g. in [18, 19], where resources are used in a paral-
lel, but not a superposed way. In order to complete tasks
in a superposed way, we mimic the behaviour of coher-
ently controlling classical tasks. We remark that adding
quantum control to classical tasks, such as performing a
measurement, e.g. for state merging or teleportation —
which are part of typical network requests—, is in general
impossible, as we argue later. However, we find that one
can mimic the behaviour of the system in such a way that
the resulting state or network configuration is “as if” such
a coherently controlled classical operation was performed.
This is done by adding quantum control at the level of
unitary operations, in such a way that operations act on
different desired states or on dummy states, in order to
generate the superposition. Crucially, the classical task is
always performed. As we show later, one needs to ensure
that for the known input state and the dummy state,
the probabilities and measurement outcomes are equal
and indistinguishable for all involved configurations and
states.
We argue that the additional functionality of external
quantum control and of handling superpositions of tasks
is a desirable and useful feature that offers new possi-
bilities. We illustrate this by providing examples where
superpositions of states shared among different parties
in the network are generated. This includes e.g. a su-
perposition of three-party GHZ states shared among four
parties, where the superposed state can be reduced de-
terministically to a three-party GHZ state. In contrast
to each of the individual configurations, this superposed
state has an additional built-in robustness against losses.
Similar observations apply to coherent superpositions of
two copies of the four Bell states, which is maximally
entangled with respect to all bipartitions. In contrast,
each individual state is separable w.r.t. certain biparti-
tions, and a classical mixture corresponds to the so-called
Smolin state [20], which is bound entangled. Further ex-
amples include sending of quantum states to a superposi-
tion of different locations or in a superposition of different
paths, thereby distributing quantum information in a de-
localized way within the network, or encoding unknown
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2quantum states within the whole network.
Parallelism in quantum information processing closely
relates to adding quantum control to operations, which
was investigated in a variety of contexts. For instance,
in [21] it was shown that a universal quantum gate ar-
ray is not feasible, whereas approximate implementations
thereof seem to be viable [22]. Superposed access to quan-
tum random access memory was investigated in [23]. Co-
herently controlling the order of applying unitaries was
subject of study in [24], which was experimentally verified
in [25], where analyses are performed within the indefi-
nite causal order framework [26, 27]. In addition, the
possibility of adding quantum control to unknown oper-
ation has been studied in [28, 29]. The preparation of
quantum states in superposition, by applying controlled
unitaries, has also received attention. In particular, it has
been shown that the so-called quantum adder for quan-
tum states [30, 31] is, in general, not realizable. How-
ever, when partial information of the states is available,
a quantum adder turns out to be probabilistically feasi-
ble [31, 32]. This has been experimentally investigated in
[33, 34].
In contrast to this former work of adding quantum con-
trol to operations, the results we present here differ in two
key points. First, we do not require to coherently control
the application of all different possible kinds of opera-
tions. More precisely, we restrict the set of coherently
controlled operations which the network devices apply
to be chosen from a finite set of possible transformations.
Second, we do not aim to prepare a superposition of com-
pletely unknown states, or to superpose unknown opera-
tions. In contrast, we study the distributed preparation
of superpositions of known quantum states by mimicking
quantum control of classical tasks. We do not assume
the states which shall be brought into superposition to
be available a priori, but we coherently control the gen-
eration process (unitaries and measurements) which each
network device implements onto some network resource.
In general the desired process is known, or part of a finite
set of possible operations.
The paper is organized as follows. In Sec. II we give an
overview of the fundamental concepts and tools we make
use of throughout the paper, including characteristics of
graph states and quantum networks. We introduce the
problem setting in Sec. III, and provide a detailed analysis
of the initialization and preparation of the whole network,
as well as a general picture of the overall process. All the
basic tools and mechanisms to add control to classical
tasks are introduced in Sec. IV, followed by a detailed
example illustrating the procedures required to gener-
ate superposition of arbitrary requests within a network
(Sec. V). In Sec. VI, we show how quantum controlled
addressing functionality can also be included within our
network approach. Finally, in Sec. VII we provide differ-
ent examples or scenarios where the generation of super-
posed states in a coherently controlled way is desirable
and beneficial. We summarize and conclude in Sec. VIII.
II. BACKGROUND
In this section we provide a brief overview of the rele-
vant background material for this work. In particular, we
give a short introduction to Bell-states, GHZ-states and
graph states as well as a brief discussion about previous
works on quantum networks.
A. Bell-states, GHZ-states and graph states
In the following we make use of Bell states. These
states are two-qubit maximally entangled quantum
states. Specifically, the four Bell states are
|Bij〉 = (1⊗ σjxσiz) |B00〉 , (1)
where i ∈ {0, 1} is called the phase, and j ∈ {0, 1} the
amplitude bit of the Bell state |Bij〉 and with |B00〉 =
(|00〉+ |11〉)/√2. Throughout this paper, we denote the
four states |Bij〉 as |Φk〉 with k ∈ {0, 1, 2, 3} and we fre-
quently denote |Φ0〉 (≡ |B00〉) as |Φ+〉 for simplicity.
Such maximally entangled states are a valuable re-
source for different applications in a distributed setting,
including e.g. super-dense coding [35] and quantum tele-
portation [36]. We briefly recall the steps comprising the
teleportation protocol, since we will require them later in
this work. In quantum teleportation, two communication
partners, Alice and Bob, share a perfect Bell pair in the
state |Φ+〉. If now Alice wants to transmit an unknown
single-qubit state |ϕ〉 to Bob, she performs a Bell mea-
surement between the qubit to be transmitted and her
half of the Bell pair, and sends the outcomes of the mea-
surement classically to Bob. This in turn enables Bob to
restore the state |ϕ〉 on his qubit by performing a local
Pauli correction operation that depends on the measure-
ment outcome.
GHZ states are the natural extension of Bell states to
more than two parties. We define a n-qubit GHZ state
as
|GHZn〉 = 1√
2
(
|0〉⊗n + |1〉⊗n
)
. (2)
GHZ states are useful for applications such as clock-
synchronization [37], distributed sensing [11] and quan-
tum key agreement [38].
Graph states are n-qubit quantum states which ex-
hibit correlations corresponding to classical graphs [39].
Generally speaking, graph states are so-called stabilizer
states, i.e. states which are stabilized by elements of
the Pauli group. Precisely, given a classical graph G =
(V,E), where V denotes the set of vertices and E the set
of edges, the graph state |G〉 is defined as the unique +1
eigenstate of the set of operators
Ka = σ
(a)
x
∏
(a,b)∈E
σ(b)z , (3)
for all a ∈ V , where the superscript indicates on which
qubit the Pauli operator is acting on. In other words,
Ka |G〉 = |G〉 for all a ∈ V and Ka as defined in Eq. (3).
One easily verifies that the state |G〉 can also be explicitly
written as
|G〉 = 1√
2
(
|0〉a |G/a〉+ |1〉a
∏
σN(a)z |G/a〉
)
, (4)
for any vertex a ∈ V , where N(a) refers to the neigh-
bourhood of vertex a. This decomposition turns out to
be useful e.g. when merging two graph states.
3B. Transformations of entangled states
We make use of different quantum operations acting on
entangled states that we recall here.
1. Bell-measurement
A Bell-measurement is a joint measurement between
two qubits, that can be part of some larger entangled
state, such that the joint state of the qubits is projected
into one of the elements of the Bell basis (Eq. 1). We con-
sider Bell-measurements between different states. First,
we consider a Bell-measurement between two GHZ-states
of arbitrary size, say states |GHZm〉 and |GHZn〉. The
state after the measurement is, up to local correction op-
erations, given by |GHZn+m−2〉. On the other hand, we
make use of a Bell-measurement between an arbitrary
single-qubit state, e.g. |ϕ〉 = α |0〉 + β |1〉, and a GHZ-
state of size n + 1, i.e. |GHZn+1〉. The state after the
measurement reads as
α |0〉⊗n + β |1〉⊗n , (5)
up to local corrections of the form {1, σ⊗nz , σ⊗nx , σ⊗nx σ⊗nz }
for each measurement outcome |Φi〉.
An extension to qudit systems is straightforward, and
results in a state of the form
d−1∑
i=0
αi |i〉⊗n , (6)
where one uses a d-level GHZ state, i.e. a state of the
form Eq. (6) with αi =
√
d and n+ 1 systems as input.
We also observe that a GHZ-state is local unitary (LU)
equivalent to a graph state. Specifically, we can transform
a GHZ state of size n into a graph state by the following
local transformation. A GHZ-state of size n is stabilized
by operators of the form σ(1)z ⊗ σ(i)z for 2 ≤ i ≤ n and
σ⊗nx . Now suppose that we apply a Hadamard rotation
to all qubits except the first. Then, because HσzH = σx,
the stabilizers transform to σ(1)z ⊗ σ(i)x for 2 ≤ i ≤ n and
σx ⊗ σ⊗(n−1)z , which corresponds to the stabilizers of the
star graph state.
2. Cutting of graph states
Graph states show a simple behavior under Pauli mea-
surement of single qubits, which can be described by
graphical rules on the corresponding graph. Consider a
graph state of the form Eq. (4). A measurement with
respect to the Pauli σz operator on qubit a has the effect
that qubit a is cut from the rest of the graph state and
the resulting state is |G/a〉, up to ∏σN(a)z corrections.
Other Pauli measurements lead to additional changes of
the resulting graph state, see [39] for details.
3. Merging of graph states
Consider two graph states, |G1〉 and |G2〉, of the form
Eq. (4). We want to merge the vertices a1 ∈ V1 and
a2 ∈ V2 into a single vertex a˜1. For that purpose we
measure a1 and a2 with respect to the operators P0 =
|0〉 〈00| + |1〉 〈11| and P1 = |0〉 〈01| + |1〉 〈10|. Assuming
we find the measurement outcome 0 w.r.t. {P0, P1}, the
resulting state reads
|G1〉 |G2〉 {P0,P1}−→
1√
2
(
|0〉a˜1 |G1 ∪G2/a˜1〉+ |1〉a˜1
∏
σ
Na1∪Na2
z |G1 ∪G2/a˜1〉
)
,
(7)
where the state is renormalized. In case the outcome 1
is found in the measurement, one can restore the state of
Eq. (7) by applying a correction operation of the form∏
σ
N(a2)
z . That is, the resulting state corresponds to a
graph state |G1 ∪G2〉 where the two vertices a1 and a2
are merged into one vertex denoted as a˜1.
C. Quantum networks
The construction of large-scale quantum networks in-
volves several obstacles that need to be overcome. For
instance, sending quantum states directly over uncon-
ditionally long distances is not possible due to the No-
Cloning theorem [40]. This obstacles are addressed by so-
called quantum repeaters [41, 42], which enable for long-
distance quantum communication. Different approaches
for building quantum repeaters exist, such as by directly
utilizing channels and using quantum error correction
[43, 44], or by exploiting bipartite [45, 46], and multi-
partite entanglement [47, 48]. Quantum networks uti-
lize quantum repeaters to generate entanglement over
arbitrary distances. Quantum networks are also con-
structed by different approaches, e.g. by using bipar-
tite entanglement (also referred to as quantum repeater
networks [16, 49–51]), and by using multipartite entangle-
ment [15, 17, 52, 53]. In addition, noise and imperfections
in transmission channels and network devices have to be
tackled. This is the subject of study in fault-tolerant
quantum computation [54, 55], quantum error correction
and entanglement distillation protocols [56, 57]. Finally,
also the organization, management, operation and design
of quantum networks poses a significant challenge [14–17].
Two different approaches how to organize and build
quantum networks exist: bottom-up [14] or top-down
[15, 17]. In a bottom-up approach quantum networks
combine the resources of the network, e.g. quantum chan-
nels or entanglement, depending on the task, in an appro-
priate manner. For example, suppose that three clients of
a quantum network request to share a three qubit GHZ-
state. In a bottom-up approach, the quantum network
devices need to route and make use of the local resources
to fulfill the request [49, 50, 53, 58, 59]. In contrast, quan-
tum networks using a top-down approach first prepare a
universal resource which the devices use later to com-
plete all required tasks. For that purpose, quantum net-
works mainly use multipartite entangled quantum states.
If now clients issue a task to the network, the devices
manipulate these states according to the task. Top-down
quantum networks minimize the waiting times for clients
and result in states with higher fidelity (due to less merg-
ing). However the network devices need to prepare the
4universal resource beforehand, and store them until the
task should be performed.
In principle, quantum networks can complete different
tasks. In this work we focus on two main tasks: the
transmission of quantum information between two (or
more) distant communication partners, and the gener-
ation of multipartite entangled states shared among dif-
ferent clients [15–17, 60].
Some of the concrete (sub)tasks we investigate in this
work include:
(i) Sending of quantum information by means of quan-
tum teleportation [36].
(ii) Sending of qubits via quantum channels.
(iii) Sending of quantum information through certain
paths of a network.
(iv) Distribution of quantum information among net-
work devices.
(v) Preparation of certain multipartite entangled states
between arbitrary network devices under request,
including state manipulation (e.g. cutting and
merging of graph states).
(vi) Addressing of network devices.
There exist works which study these tasks in detail. For
instance, in [50] it was studied how to determine paths in
quantum repeater networks. In contrast, Refs. [15, 52]
study how to generate graph states in quantum networks.
However, all of these works have in common that they in-
vestigate a single task. In this work we provide function-
alities that empower a quantum network such that it is
able to also complete these tasks in a coherent superposi-
tion. As we will show, there are several examples in which
it is useful and beneficial to complete tasks in a coher-
ent superposition, compared to completing them individ-
ually or considering the corresponding classical mixture
of tasks.
III. SUPERPOSITION OF TASKS IN
QUANTUM NETWORKS
In the following we outline the problem setting we con-
sider in this work, as well as the general idea about how
we tackle the problem.
For that purpose we consider a quantum network that
comprises n quantum network devices. The network de-
vices connect in an arbitrary manner, either by some en-
tangled resource state or via quantum channels. We il-
lustrate our approach for entanglement-based quantum
networks throughout the paper, as this case is conceptu-
ally simpler. We show later how to extend it to other
situations and settings.
We summarize the entanglement resource of the quan-
tum network as the state |ψ〉res. Additionally, we denote
as |ψ〉aux the global state of the auxiliary qubits belonging
to the network devices. These auxiliary qubits are sys-
tems locally prepared by each device in a suitably way,
and the number of auxiliary qubits stored depends on
each task and scenario. The goal of the quantum net-
work is to enable for the coherent completion of different
tasks, such as those mentioned above in Sec. II C. We
first consider tasks in a limited sense, where we deal with
the preparation of superpositions of quantum states. We
discuss later if and how this can be extended to more
general settings. By this we mean also the superposi-
tions of "applications", e.g. superpositions of sending
and not sending, sending among different paths, encod-
ing of information into superposition of different codes,
or performing a BB84 protocol in a superposed way.
Suppose that the request for the quantum network is to
prepare a superposition of m different tasks represented
by quantum states, i.e. the states |ψ1〉 , . . . , |ψm〉, with
weights α1, . . . , αm ∈ C. Precisely, the state which shall
be prepared by the network devices (the ones actively in-
volved in the realization of the particular tasks), referred
to as target state, reads as
|ψT1〉 =
m−1∑
i=0
αi |i〉c |ψi〉 , (8)
where each state |ψi〉 defines the completion of each par-
ticular task and can involve resource as well as auxiliary
systems. In some cases, the external quantum control
(sub-index c) can be deterministically detached, leading
to a target state of the form
|ψT2〉 =
m−1∑
i=0
αi |ψi〉 . (9)
In order to prepare the states of Eq. (8) and Eq. (9),
we propose the following procedure. The tasks the net-
work should perform are specified by a quantum state of
a single qudit that one of the parties prepares or receives
from outside,
m−1∑
i=0
αi |i〉 , (10)
which we also refer to as weight state. The coefficients
αi ∈ C of this state specify the weights of the superposed
target tasks |ψi〉, and is supplemented by additional clas-
sical information on the operations to be performed. To-
gether with a previously shared n+ 1 qudit GHZ-state
1√
m
m−1∑
i=0
|i〉⊗(n+1) , (11)
the parties can prepare the required control state via Bell
measurement by the initiator device (Sec. II B 1):
|ψR〉 =
m−1∑
i=0
αi |i〉⊗nc , (12)
We refer to this resulting state as request state. Quantum
control of further operations is determined by this request
state. The scheme is depicted in Fig. 1. Note that the
size of the state Eq. (12) depends on the number of de-
vices of the network that take part in this process, and
its dimensionality depends on the number of constituents
of the final superposition.
An important observation in Eq. (12) is that each
quantum network device stores exactly one qudit. This
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FIG. 1. Schematic illustration of the overall process for a
four-device quantum network. Upper-left device acts as ini-
tiator. Each grey vertex represents all the resource and aux-
iliary qubits that each device owns. First (upper-left), the
initiator device prepares the weight state of Eq. (10), which
corresponds to the orange vertex. Further, we require that the
four quantum network devices share a five qudit GHZ-state,
see Eq. (11), which comprises the blue vertices. After the
Bell-measurement, the four quantum network devices share
the state |ψR〉 of Eq. (12). In second place (upper-right),
each device applies the corresponding controlled unitaries, us-
ing the request state |ψR〉 and their auxiliary qubits |ψ〉aux, to
the resource state of the network |ψ〉res in a coherent way. The
maps C(i) are defined as C(i) =
∏m−1
k=0 C
(i)
k , i.e. the product
of all controlled unitaries for one particular network device.
In this way, the desired coherent superposition is generated
(bottom-right). Finally, all control registers, except the ini-
tiator one, are measured and the desired superposed state (up
to corrections) of Eq. (16) is generated (bottom-left).
enables each network device to apply controlled uni-
taries on the resource and auxiliary states |ψ〉res |ψ〉aux
of the quantum network. We imitate the behaviour of
controlled-tasks by suitably adding control at the level of
unitary operations. More specifically, the request state of
Eq. (17) enables the quantum network device j to apply
controlled unitaries Ui for 0 ≤ i ≤ m− 1, i.e. operations
of the form
C
(j)
i = (1− |i〉 〈i|)⊗ 1(j) + |i〉 〈i| ⊗ U (j)i . (13)
Each device is provided beforehand, together with Eq.
(10), with a classical description of what unitary they
have to apply for each state of the control register.
Unitaries U (j)i for 0 ≤ j ≤ n− 1 are coherently applied
by all quantum network devices, i.e. the application of
the controlled unitaries of Eq. (13) for 0 ≤ i ≤ m − 1
and all 0 ≤ j ≤ n− 1 to the resource and auxiliary state
|ψ〉res |ψ〉aux results in the state
|ψC〉 =
m−1∏
k=0
n⊗
j=1
C
(j)
k
m−1∑
i=0
αi |i〉⊗nc |ψ〉res |ψ〉aux
=
m−1∑
i=0
αi |i〉⊗nc U (1)i ⊗ . . .⊗ U (n)i |ψ〉res |ψ〉aux .
(14)
Therefore, the request state |ψR〉 of Eq. (12) enables the
network devices to apply unitaries in a coherently, con-
trolled and synchronized manner (see also Fig. 1). These
unitary operations are applied on both, the resource and
the auxiliary qubits, which are adequately prepared by
each device.
In a next step, all quantum network devices except the
initiator device measure their qudits w.r.t. the gener-
alized Pauli σx observable, such that |k〉⊗nc → |k〉c, up
to phases. In this way, the initiator device becomes the
only one still holding the control system of the resulting
state. One straightforwardly verifies that we can always
transform the resulting state to
m−1∑
i=0
αi |i〉c U (1)i ⊗ . . .⊗ U (n)i |ψ〉res |ψ〉aux , (15)
by applying local corrections consisting of some phases
that can be corrected by simply acting on the remain-
ing control register. By defining |ϕi〉 = U (1)i ⊗ . . . ⊗
U
(n)
i |ψ〉 |ψ〉aux , we can rewrite Eq. (15) to
m−1∑
i=0
αi |i〉c |ϕi〉 , (16)
where the states |ϕi〉 involve the resource and auxiliary
qubits in a non-trivial way.
The suitable application of the unitaries in a controlled
way intends to imitate the behaviour of certain tasks in
a coherent way. As we show later, in order to accomplish
this and generate the target state |ψT1〉 of Eq. (8), such
that states |ϕi〉 relate to the states |ψi〉, each particular
task has to always be implemented. The implementation
of the task usually involves measurements, such as a Bell-
measurement or a merging measurement. The crucial
point is if these measurements are applied on desired or
on dummy states. In this way, adding control at the level
of unitaries allows us to effectively add quantum control
at the level of tasks. We remark that the unitaries are
known, and correspond to SWAP operations.
In case that one wants to get rid of the control qubit
and end up with states of the form Eq. (9), we observe
that, in general, this is not possible. A measurement
of the generalized Pauli σx observable on the qudit of
the initiator device may lead to a change of the weights
αi of the superposition in Eq. (9), therefore jeopar-
dizing the coherence. However, in case that the states
|ψ1〉 , . . . , |ψm〉 are mutually orthogonal, one obtains with
probability 1/m the state
∑m−1
i=0 αie
χi |ψi〉 via a general-
ized Pauli σx measurement, up to unwanted phases χi.
In some cases these phases can be corrected using lo-
cal operations on the remaining systems, although this
is not always possible. Hence, orthogonality of the fi-
nal constituents turns out to be a crucial property. In
Sec. VB, we propose a procedure that in some relevant
cases allows us to guarantee this orthogonality and cor-
rect unwanted phases, therefore being able to get rid of
the control register deterministically. In all other cases,
additional entanglement is required to resolve this issue.
6A. Fully quantum description
So far, we have assumed that the description of the
desired target states and the required actions is given
classically for all branches. This is typically the case for
all single-task requests in networks, and hence it is also
natural to assume this for the superposition of tasks.
However, we point out that this description can be
made fully quantum. In order to achieve this, a pro-
gram register is attached and sent to the devices, which
encodes the information of the actions to be performed
by each device, depending on the request state. Thus,
the global state can be defined as
|ψC〉 =
(
m−1∑
i=0
αi |i〉⊗nc |φ(i)U 〉⊗n
)
|ψ〉res |ψ〉aux . (17)
This program register has to be attached together with
the request qubits that are distributed among the net-
work devices, by modifying the GHZ state construction
of Eqs. (10)-(12). The first register of Eq. (17) is the re-
quest register of Eq. (12), a bit-string data register which
defines the operations applied in each case. The second
register is the aforementioned program register. The pro-
gram register encodes the information of all the unitary
operations needed, and is implemented in each device j
by a programmable quantum array gate, in analogy to
[21, 22]. It has the following effect:
G(j) [|ψ〉 ⊗ |φU 〉] =
(
U jk |ψ〉
)
⊗
∣∣∣RUjk〉 , (18)
where |RU 〉 is some residual state. Essentially, for any
input control state, it invokes the operation
∏
k |k〉c 〈k|⊗
U
(j)
k , where U
j
k acts locally on the resource and auxil-
iary qubits of the j network device. Note that, following
[21, 22], a deterministic programmable array is realizable
when considering a finite number of tasks, e.g. the gen-
eration of superpositions of graph states, since in this
case we deal with a finite number of unitary transforma-
tions to be encoded and invoked by the program register.
When demanding full functionality, i.e. an infinite num-
ber of possible tasks asuch as the generation of all possible
target states, the restrictions of programable gate arrays
apply [21, 22]. Observe also that, even for a finite number
of tasks, the residual states have to be taken into account
during the rest of the process and, in principle, cannot
be detached deterministically.
IV. MIMICKING QUANTUM CONTROLLED
CLASSICAL TASKS
In this section we show indications that adding quan-
tum control to classical tasks in a way that is desirable
for our purpose is in general impossible. We introduce an
approach based on controlled unitary operations that al-
lows us to overcome this problem and imitate the effect of
different controlled tasks, including controlled measure-
ments on partially known states or controlled sending of
information, in a coherent way. We show applications of
our approach that allow one to effectively add quantum
control to different classical processes.
A. Coherent controlled measurements on arbitrary
pure states
The feasibility of adding quantum control to quantum
measurements has not been explored previously. Given
the fact that adding control to unknown unitaries is in
general impossible [27–29], one can expect similar no-
go results for adding control to measurements. In ad-
dition, a measurement is by definition an incoherent pro-
cess, which poses additional challenges when attempting
to add control in a coherent way.
The first challenge is already a proper definition of
the desired functionality, i.e. how one formally defines a
controlled-measurement operation. A formal discussion
about it goes beyond the purpose of this paper. We re-
strict ourselves to one particular desired effect of a trans-
formation that can be interpreted as a certain kind of
controlled projective measurement acting on pure states.
Several indications show that the transformation we re-
quire is not a valid quantum operation in general (see
Appendix A). However, we also show that we can actu-
ally mimick the desired behavior on pure states, which is
sufficient for our purpose. In the following we consider
performing known measurements on unknown quantum
states, and adding control to this process. We will later
restrict to performing known measurements on partially
known quantum states.
The desired effect of the transformation is to obtain a
coherent superposition of a state being measured or not,
depending on the state of an additional quantum control
register. In particular, if the control register is |0〉, the
input state should remain the same. If the control reg-
ister is |1〉, a particular, pre-defined measurement should
be performed on the input state. A measurement is how-
ever a stochastic process, where with certain probability
one out of several outcomes is obtained. What we ac-
tually demand is that for each of the possible outcomes
of the measurement (which we also denote as branches),
we obtain a coherent superposition of the unperturbed
state, and the properly renormalized state after obtain-
ing this particular measurement outcome, in such a way
that the weights in the superposition are the same for
all branches. In addition, each of the branches should
happen with the probability pk, that corresponds to the
measurement outcome k.
Therefore, consider two qubit registers. The first one,
the control register, is given by the state
|ϕ〉c = α0 |0〉+ α1 |1〉 , (19)
where coefficients α0 and α1 define the weights of the
desired superposition. The measurement is performed
in a controlled way on some pure target state |ψ〉. We
consider a POVM {Ak} with
∑
k A
†
kAk = 1. When ob-
taining an outcome k, the state after the measurement is
given by |ψk〉 = Ak|ψ〉/√pk, which occurs with probabil-
ity pk = 〈ψ|A†kAk|ψ〉. The desired effect for an arbitrary
projective measurement M is thus
|ϕ〉c|ψ〉t → {pk, α0|0〉c|ψ〉t + α1|1〉|ψk〉}. (20)
Notice that we have left out an additional register for
the state of the measurement apparatus, as one would
7usually include in a formal description of the measure-
ment process. In a standard description, including the
state of the measurement apparatus, the target state for
a particular result of the measurement would read as
α0 |0〉c |ψ〉t |0〉m+α1 |1〉c |ψk〉t|k〉m. The states |k〉m of the
measurement apparatus indicate different measurement
outcomes, where |0〉m corresponds to the case where no
measurement is performed. All states of the measurement
apparatus are mutually orthogonal and classical (and can
hence be copied). This implies that one would actually
obtain an incoherent mixture of the unmeasured state
and the different measurement branch. One may circum-
vent this problem —as we do later— by actually always
performing a measurement, either on a dummy state to
preserve the input state |ψ〉, or on |ψ〉. In this case the
resulting state is
∑
k
√
pk(α0 |0〉c |ψ〉t +α1 |1〉c |ψk〉)|k〉m,
i.e. the state of the measurement register factors out.
We give some further details in Appendix A. In gen-
eral, the transformation of Eq. (20) is however non-linear,
and can hence not be realized by a quantum mechanical
process. There is also an inconsistency for mixed input
states. If one takes this desired behavior —that is only
defined for pure states— to derive the action on mixed
states, this action is actually not well defined. When we
assume linearity (i.e. the existence of a quantum mechan-
ical process that can realize the desired behavior in gen-
eral) and consider two equivalent descriptions of a mixed
state using different basis states, one obtains different
predictions for the target state. We take this as indica-
tions that adding control even to known measurements is
in general impossible. We leave a formal description and
discussion to further work.
B. Controlled measurements on known states
Although the transformation of the previous section
seems in general not physically realizable, we show how
one can effectively reproduce its effect in a suitable
way. To this aim we consider a two-outcome projective
measurement with a qubit control register for simplic-
ity. However an extension to general measurements is
straightforward. Consider three qubit registers, a control,
a target and an auxiliary register. The process now con-
sists of the following steps. First, we apply a controlled
swap operation, also known as Fredkin gate [61, 62], act-
ing on the target and the auxiliary qubit, which is con-
trolled by the control qubit (see Fig. 2). After that, we
measure the auxiliary qubit. In order to induce the co-
herent superposition from the control qubit, we need to
choose the auxiliary qubit accordingly. Note that we de-
note here the input state to be measured as target state.
The initial global state is given by |Ψ〉 = |ϕ〉c ⊗ |ϕ〉t ⊗|φ〉aux, with |ϕ〉c = α0 |0〉 + α1 |1〉, |ϕ〉t =
∑
i=0,1 ci |i〉,
and some auxiliary state |φ〉aux. After the controlled
swap operation is applied (Fig. 2), we find
|Ψ〉in = α0 |0〉c ⊗ |ϕ〉t ⊗ |φ〉aux + α1 |1〉c ⊗ |φ〉t ⊗ |ϕ〉aux .
(21)
Finally, a general projective measurement {P0, P1} =
{|ψ0〉 〈ψ0| , |ψ1〉 〈ψ1|} is performed on the auxiliary qubit.
In order to maintain the weights of the superposition un-
changed, the auxiliary qubit has to be suitably prepared
ۧȁ𝜑 𝑐
ۧȁ𝜑 𝑡
ۧȁ𝜙 𝑎𝑢𝑥
FIG. 2. Controlled measurement is performed by a
controlled-swap operation, also known as Fredkin gate [61, 62],
followed by the measurement of the auxiliary qubit. The aux-
iliary state has to be suitably prepared depending on the mea-
surement basis and the target state, in order to guarantee that
the weights of the final superposition do not change.
depending on the measurement basis and the target state.
Therefore, the measurement basis, as well as the ampli-
tude probability distribution of the target state, has to be
known. The target state can be written in the measure-
ment basis {|ψ0〉 , |ψ1〉}, i.e. |ϕ〉t =
∑
j,i 〈ψj |i〉 |ψj〉. The
auxiliary state has to be prepared with amplitude proba-
bilities |∑i 〈ψj |i〉 |2, also written in the measurement ba-
sis. In this case, after the measurement is performed and
the outcome, say 0 (from P0), is obtained, the resulting
global state is
|Ψ〉f = α0 |0〉c⊗ |ϕ〉t⊗ |ψ0〉aux +α1 |1〉c⊗ |φ〉t⊗ |ψ0〉aux ,
(22)
with probability |∑i 〈ψ0 |i〉 |2. In this way, a superposi-
tion of the target state being measured or not is gener-
ated.
Although this construction might not seem very use-
ful at this stage, interesting properties arise from it when
e.g. the target state is part of a larger entangled state.
Consider a system a from an arbitrary entangled state
where a belongs to party A, who performs the controlled
measurement. The state of a is determined by its re-
duced density operator ρa. Given the same projective
measurement as before, i.e. {|ψ0〉 , |ψ1〉}, the auxiliary
qubit of A has to be adequately prepared in some pure
state ρaux = |φ〉aux 〈φ|. The weights of this state are
again chosen in order to ensure the same probabilities for
the measurement outcomes as for ρa, i.e.
|〈φ| ψi〉|2 = tr (Piρa) , (23)
where Pi defines each projector |ψi〉 〈ψi| of the measure-
ment. By writing the auxiliary state in the measurement
basis, |φ〉aux = α0 |ψ0〉+α1 |ψ1〉, one can immediately see
that the weights α0, α1 need to be chosen accordingly to
the diagonal elements of the reduced density operator ρa,
also written in the measurement basis, such that
|αi|2 = (ρiia ){|ψ0〉,|ψ1〉}. (24)
Once the state is prepared, the controlled swap is per-
formed between ρa and ρaux, followed by the measure-
ment of the auxiliary system. Since both branches have
the same probability distribution, the coherence of the
final state is guaranteed. For instance, if the controlled
measurement in the σx basis is done on parts of a larger
maximally entangled state, weights can always be kept
equal by preparing the auxiliary system in the 121 state.
In the same direction, if the larger entangled state is some
8arbitrary graph state, this construction allows us to co-
herently cut qubit a, ending up with a superposition of
the system a being part —or not— of the graph state.
We explain in detail this, and the completion of other
controlled tasks, in the following section.
Note that we require partial knowledge of the measure-
ment basis and the target state. However, this does not
represent a problem for our purposes, as we show later.
Note also that generalization to qudits and to general
multi-outcome measurements is straightforward.
C. Controlled measurements on parts of entangled
states
We introduce different tools where the mechanisms pre-
sented above allow us to coherently control classical tasks
for different purposes. We restrict the analysis, without
loss of generality, to qubit systems and superpositions
with two constituents for simplicity, but a generalization
for an arbitrary number of elements and for qudit sys-
tems is straightforward. Crucially, the processes do not
change the initial amplitudes in any case.
1. Controlled sending
Consider the simplest scenario of sending quantum in-
formation via teleportation, where a state is teleported by
performing a Bell measurement between the state that is
teleported and one constituent of a Bell state. One can
add control to this process and create a coherent super-
position of sending and not sending the state information
by applying the following procedure.
Consider the setting shown in Fig. 3. Parties A and B
initially share a Bell state and party A prepares the arbi-
trary unknown state |ψ〉a1 , which shall be teleported in a
controlled way. Additionally, party A possesses two aux-
iliary qubits, ax1 and ax2, initialized in the states |0〉ax1
and |+〉ax2 respectively. Party A also owns the control
register c. We refer to Appendix B for details. The pro-
tocol involves the following steps. First, party A applies
a controlled swap operation between qubits a1, ax1 and
a2, ax2 simultaneously, followed by a Bell measurement
{|Φi〉} between qubits ax1 and ax2. The controlled swap
transformation is described as
Cswap = |0〉c 〈0| ⊗ 1a1 ⊗ 1ax1 ⊗ 1a2 ⊗ 1ax2+
+ |1〉c 〈1| ⊗ Uswapa1,ax1 ⊗ Uswapa2,ax2 , (25)
where Uswapi,j = |00〉 〈00|+ |01〉 〈10|+ |10〉 〈01|+ |11〉 〈11|.
More formally, the protocol starts with the following over-
all state:
|Ψ〉in = (α0 |0〉c + α1 |1〉c) |ψ〉a1
∣∣Φ+〉
a2b
|0〉ax1 |+〉ax2 ,
(26)
where tensor products have been omitted for simplicity.
After the controlled swap of Eq. (25) is performed, a
Bell measurement is carried out on qubits ax1 and ax2.
Assuming that the outcome of the Bell measurement is
|Φi〉ax1ax2 , the final state reads
|Ψ〉f =
(
α0 |0〉c |ψ〉a1
∣∣Φ+〉
a2b
+ α1 |1〉c |0〉a1 |+〉a2 σi |ψ〉b
)
|Φi〉ax1ax2 . (27)
Note that the global state has been re-normalized and
the weights of the superposition remain unchanged. De-
pending on the measurements outcome i, correction op-
erations are necessary. This just involves controlled Pauli
correction operations σi on qubit b, which only need to
be applied if the state was sent (i.e. control state is |1〉).
Since the control register belongs to party A, this correc-
tion can also be implemented by B always applying the
unitary σi on qubit b, followed by party A applying the
controlled unitary |0〉c 〈0|⊗σᵀi + |1〉c 〈1|⊗1. We refer the
reader to Appendix B for details.
Observe that if the control qubit is in the state |0〉,
the protocol preserves the state |ψ〉 in the qubit a1 of
party A, and the Bell state |Φ+〉 shared between A and
B (qubits a2 and b). A coherent superposition of sending
and not sending the state |ψ〉 is hence achieved. Note
that we are able to teleport an unknown state, i.e. the
restrictions of partially knowing the state on which ap-
plying the controlled measurement do not apply. The
reason is that we perform the measurement on part of
a maximally entangled state in one branch, which corre-
sponds to a uniform probability distribution for the dif-
ferent measurement outcomes, independent of the state
to be teleported. The same is true for the second branch,
where the Bell measurement is performed on a product
state |0〉|+〉 instead. In Sec. VB we show a procedure to
deterministically detach the control register of Eq. (27),
ensuring the orthogonality of the constituents of the re-
maining superposition.
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FIG. 3. Schematic representation of controlled sending, both
the initial state (top) and the final superposition (bottom).
Party A possesses four qubits which are coherently either
swapped or not in a controlled and simultaneous way, followed
by a Bell measurement of the auxiliary systems ax1, ax2. A
superposition of the state |ϕ〉 teleported and kept by A (i.e.
not sent) is generated.
We have shown how controlled sending works by means
of quantum teleportation. Nevertheless, this formalism is
in principle extendible for sending of information through
quantum channels, where a dummy state or a desired
state is sent through the channel in a coherent controlled
way.
92. Controlled cutting of graph states
Based on the same mechanisms, we discuss here the
possibility of controlled-cutting on parts of graphs states
in a coherent way. Consider a general graph state of the
form Eq. (4). Assume one aims to construct a state in
superposition of the unaltered graph state and the graph
state with qubit a measured out in the computational
basis. The party a additionally owns a control register,
and one auxiliary system initially prepared in the |+〉aux
state. The initial state is hence given by
|Ψ〉in = (α0 |0〉c + α1 |1〉c) |G〉 |+〉aux . (28)
We now imitate a controlled cutting of qubit a of the
graph state by first applying a controlled swap between
the qubits a and aux (see Eq. 4), leading to
|Ψ〉 = α0 |0〉c |G〉 |+〉aux +
1√
2
α1 |1〉c
(
|+〉a |G/a〉 |0〉aux + |+〉a
∏
σNaz |G/a〉 |1〉aux
)
.
(29)
A single-qubit projective measurement is now performed on
the auxiliary system in the computational basis. The resulting
state reads
|Ψ〉f =
1√
2
α0 |0〉c |G〉 |i〉aux + (30)
1√
2
α1 |1〉c |+〉a
(∏
σNaz
)i
|G/a〉 |i〉aux ,
where i = {0, 1} is the measurement outcome and the state is
not normalized. Assuming the outcome of the measurement
is the |0〉 state, and after re-normalization, the final state is
|Ψ〉f =
(
α0 |0〉c |G〉+ α1 |1〉c |+〉a |G/a〉
) |0〉aux . (31)
Observe that the graph state |G〉 does not change if the control
qubit is |0〉, but the operation removes all the edges between
vertex a and its neighbourhood of the graph state |G〉 if the
control qubit is |1〉. Furthermore, the weights of the superpo-
sition remain unchanged.
In case the measurement outcome is |1〉, a controlled cor-
rection unitary of the form |0〉 〈0| ⊗ 1 + |1〉 〈1| ⊗ ∏Na σz is
required to recover state Eq.(31). Note that this operation is
always realizable locally since the rest of devices, concretely
Na, possesses their own control systems, see Eq. (12), before
applying the final transformation of Eq. (15).
3. Controlled merging and state manipulation
These techniques can be further combined and extended
to obtain full functionality for controlled state prepara-
tion of graph states. In order to obtain this func-
tionality, we discuss here controlled-merging of different
graph states. Consider two graph states |G1〉 , |G2〉 of
the form Eq. (4), which we want to merge the vertices
a1, a2. We make use of the merging measurement operation
defined by {P0 = |0〉 〈00|+ |1〉 〈11| , P1 = |0〉 〈01|+ |1〉 〈10|}
(see Sec. II B 3). Assume that qubits a1, a2 belong to
party A, which also possesses an auxiliary qubit pre-
pared in |+〉aux . The initial state is therefore |Ψ〉in =(
α0 |0〉c + α1 |1〉c
) |G1〉 |G2〉 |+〉aux . The controlled merging
comprises the following steps. First, party A performs a con-
trolled swap between qubits a2 and aux. Note that the swap
operation is now applied in case the control register is in the
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FIG. 4. Schematic representation of controlled merging
where the protocol is accomplished in the following way. If
the control register is in the |0〉 state, the protocol preserves
the two graph states unaltered, while the procedure merges
the two graph states if the control register is in the |1〉 state.
|0〉 state. Next, party A applies the merging measurement of
Eq. (7) on qubits a1 and a2, merging them into one vertex
a˜1. Observe that the superposition amplitudes do not change.
More precisely, the state before the merging measurement is:
|Ψ〉 = 1
2
α0 |0〉c
(
|0〉a1 |G1/a1〉+ |1〉a1
∏
σ
Na1
z |G1/a1〉
)
·(
|+〉a2 |G2/a2〉 |0〉aux + |+〉a2
∏
σ
Na2
z |G2/a2〉 |1〉aux
)
+
+ α1 |1〉c |G1〉 |G2〉 |+〉aux , (32)
up to normalization. In Appendix C the details of the process
are provided. If the merging measurement is now performed,
and assuming that the outcome is 0, the resulting state reads
|Ψ〉f = α0 |0〉c |G1〉 |G2〉+ α1 |1〉c |G1 ∪G2〉 |+〉a2 , (33)
where qubits aux and a2 have been relabelled (see Ap-
pendix C). In case the outcome 1 is found in the merging
measurement, a controlled correction operation of the form
|0〉c 〈0| ⊗ 1+ |1〉c 〈1| ⊗
∏
σ
Na2
z is required to recover the state
Eq. (33). Therefore, the final state consists of a superposition
between two graph states preserved unaltered, if the control
qubit is in the |0〉 state, and two merged graph states, if the
control register is in the |1〉 state. Again, the reason why
the process can be performed on unknown (connected) graph
states is that at least one of the qubits to be measured is part
of a maximally entangled state.
V. EXAMPLE OF QUANTUM CONTROLLED
REQUEST. ORTHOGONALITY OF STATES
In this section we provide a detailed example of a partic-
ular quantum controlled request in a quantum network. As
mentioned before, orthogonality of constituents of the final
superposition turns out to be a crucial property to guarantee
coherence when dispatching the control register. We discuss
possible solutions to tackle this problem in general.
A. Example
With the tools introduced in the previous section, multi-
ple tasks can be completed in a coherent controlled manner.
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Consider the following example of a network request. Each de-
vice of the network represents a single user or node, and each
of them shares a Bell pair with each of the remaining ones.
This is the initial entangled resource state in an entanglement-
based top-down approach to quantum networks. Every node
possesses an additional auxiliary qubit per each resource Bell
state it owns, apart from the control register. In principle
also a full quantum description of the desired actions can be
provided by adding a program register. In total, each device
stores 2+2(n−1) qubits, where n is the number of users. For
simplicity, we assume that the network consists only of four
devices, such that the resource state is given by (see Fig. 5)
|ψ〉res =
⊗
(i,j)∈E
∣∣Φ+〉
ij
, (34)
with
∣∣Φ+〉 the Bell state of Sec. IIA and E = {(i, j)|(1 ≤
i < j ≤ 4)}. Additionally, the auxiliary qubit of each de-
vice is initialized in the |+〉 state. Note that a Bell state is
LU-equivalent to a graph state, and the choice of the state of
the auxiliary qubits is hence motivated by the merging mea-
surement we consider (see Sec. IVC3) for graph states. In
particular, the merging of a qubit of a graph state with a qubit
in the |+〉 state, retains the graph state unchanged. Besides,
weight invariance is also guaranteed for the superposition.
The desired target state, see Eq. (8), is a equal-weight
superposition of all the possible 3-party combinations of GHZ
states, i.e.
|Ψ〉f =
1
2
4∑
i=1
|i〉c |0〉i |GHZ〉N/i . (35)
where |GHZ〉N/i indicates a GHZ state shared among the
other three parties, excluding system i. The remaining auxil-
iary states are omitted for simplicity.
+ + +
1
2
FIG. 5. Schematic example of the initial state (upper figure)
of Eq. (34) and final desired superposition (bottom figure) of
Eq. (41). Red vertices represent the resource qubits and blue
vertices represent the auxiliary qubits, which are omitted in
the bottom picture for illustrative simplicity.
The whole process is carried out by effective controlled
operations in every node. In each site, three "rounds" of
controlled-merging operations (see Sec. IVC3) are performed.
Each round specifically consists in taking two-by-two resource
qubits, that are subsequently merged —or not— in a con-
trolled way. Following Sec. IVC3, the controlled swap opera-
tions of each round are defined by the request control register
of each of the devices. In each round the result can be the
merging of the two resource Bell states at that site, or the
resource Bell pair not becoming part of a larger GHZ state,
in case the swap has been performed. In this last situation,
the Bell state is retained at the auxiliary level. Observe that
for retaining the Bell pairs at the auxiliary level, synchronized
actions between devices are required. In particular, in both
devices the swap operation need to be performed within a
particular branch of the superposition, such that the initial
resource Bell state they share is kept between their auxiliary
systems. In order to obtain the target state of Eq. (35), one
can combine controlled-merging with controlled-cutting (Sec.
IVC2), such that the auxiliary qubits are measured after each
round and no entanglement is kept at the auxiliary level.
Consider now only one branch of the superposition, the
corresponding to the element i = 1 of Eq. (35). Consider for
instance the device j = 4, which performs three controlled-
merging rounds, from which one involves the swapping, syn-
chronized with device j = 1. The corresponding resource Bell
state shared by j = 1 and j = 4 is therefore kept at the auxil-
iary level. The other two parties do not swap, and hence the
resource Bell pairs are merged into a larger GHZ state (see
Sec. IVC3), leading to∣∣Φ+〉(aux)
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|GHZ〉234 , (36)
where we have omitted the remaining resource and auxiliary
qubit states for simplicity. Observe that the Bell state in Eq.
(36) involves the auxiliary qubits of devices j = 1 and j = 4.
We can combine this with a controlled cutting process (see
Sec. IVC2). After each merging round, the auxiliary qubit is
hence always measured in the computational basis, such that
the resulting state reads
|0〉1 |GHZ〉234 , (37)
where we have assumed the outcome |0〉 of the measurement
is found and the remaining resource and all auxiliary qubit
states are again omitted. Note again that merging and cut-
ting affects only this branch of the superposition. In exten-
sion, this process applies for the different branches and the
different network devices, such that the process of Fig. 5 is
accomplished.
Observe that, when combining controlled merging and con-
trolled cutting, only one auxiliary qubit is required to be
stored per site, independently of the resource state. This aux-
iliary qubit is measured in each round and prepared again in
the |+〉 state, such that it can be used for the next merging
round. Note also that, in the case the controlled cutting is in-
cluded, entanglement kept at the auxiliary level is destroyed.
In contrast, if controlled cutting is not included in the proce-
dure, the resource entanglement is kept anyway, either at the
target or auxiliary level, but extra storage for auxiliary qubits
is needed for each device.
Following with the example, the state after the remaining
controlled operations and considering the different branches is
exactly of the form of Eq. (35) (see Fig. 5). Observe that the
effect of unwanted measurement outcomes can be adequately
corrected locally, as explained in Sec. III. These procedures
are extensible for different initial entanglement resources and
for different desired states within the superposition, including
e.g. generation of superposition of states with different entan-
glement properties. The applied operations depend entirely
on the desired target states.
In addition, one might aim to detach the control register
from Eq. (35), in order to obtain
|Ψ〉f =
1
2
4∑
i=1
|0〉i |GHZ〉N/i , (38)
in analogy to Eq. (9). From Eq. (35), the initiator device has
to measure its control register in the generalized Pauli X ba-
sis. However, two problems arises at this stage. First, one
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can see that the states of the superposition of Eq. (38) are
not orthogonal to each other. Therefore, Eq. (38) is not a
coherent superposition of the different constituents. On the
other hand, the X measurement of the control register can
lead to unwanted phases in the different elements of the su-
perposition, which cannot be a-priori corrected. This two in-
conveniences can be adequately overcome by considering the
following modification.
B. Orthogonality of target states. Extra-level
modification
We show a modification that allow us to go from Eq. (35)
to Eq. (38) deterministically, such that the coherence of the
final superposition is guaranteed. This modification can be
extended to more general cases.
A simple trick can be used to ensure orthogonality of the
target states. It consists in providing extra levels (qudits) for
certain systems and applying the controlled operation
CX = |0〉c 〈0| ⊗ 1i + |1〉c 〈1| ⊗X2i , (39)
invoking the map {|0〉 , |1〉} → {|2〉 , |3〉} between subspaces.
In Eq. (39), X is the generalized Pauli operator for d-level
systems, such that X |j〉 = |j ⊕ 1〉, with addition mod d. This
controlled operation becomes now part of the procedure, im-
plemented in suitable places for the different branches. Ob-
serve that this operation should be applied before the control
registers, except the initiator one, are measured (see Sec. III).
Following the example of the previous section, the final state
with the extra-level modification reads now
|Ψ〉f =
1
2
4∑
i=1
|i〉c |2〉i |GHZ〉N/i . (40)
The control register can be now measured, ensuring the or-
thogonality of the elements of the resulting superposition. Not
only the orthogonality issue is resolved, but one can also cor-
rect the state in case of unwanted phases come from the mea-
surement of the control register. Depending on the outcome of
the measurement, each party applies an adequate controlled
correction unitary of the form (1− |2〉 〈2|)⊗1+ |2〉 〈2|⊗U(i),
where the operator U(i) depends on the outcome of the mea-
surement and the position it is applied. A coherent superpo-
sition
|Ψ〉f =
1
2
4∑
i=1
|2〉i |GHZ〉N/i , (41)
is finally found, where all the constituents are now orthog-
onal to each other. Note that before each device was re-
quired to store one qudit system, corresponding to the re-
quest register. With this modification, more than one d-
level systems have to be stored in each station. We re-
mark that two qubit systems can be always be embedded
to play the role of a four dimensional system, by defining
{|00〉 , |01〉 , |10〉 , |11〉} → {|0〉 , |1〉 , |2〉 , |3〉}.
This modification can also be implemented, for instance,
in the controlled sending setting introduced in Sec. IVC1,
where target states are not orthogonal if the control register
is measured. There, one just need to implement, at the final
stage of the process, the transformation {|0〉 , |1〉} → {|2〉 , |3〉}
in a controlled way. From Eq. (27), this controlled operation
is applied on the auxiliary system a2 if the control register is
in the |0〉c state, and on the qubit a1 if the control register is
in |1〉c
This mechanism can also be extended and used in more
general situations, for those target states whose constituents
are not orthogonal. In order to be able to apply this modifi-
cation, for each target state in the superposition there should
always be a different node which is not involved in the process.
VI. QUANTUM CONTROLLED ADDRESSING
So far, we have shown how to provide quantum networks
with a truly quantum functionality, based on the generation
of superpositions of different tasks in a controlled way. This
is accomplished by mimicking the behavior of certain classical
tasks in a controlled way, always performing the task.
An additional addressing feature can be included on top of
our approach. Consider again a quantum network consisting
of different devices. Each device would own an addressing
system, adequately prepared in some quantum state. This
register works as an addressing register (ad), identifying each
of the devices. Additionally, depending on the target network
objective, they are provided with an activation register (ac).
The addressing and activation registers determine, when com-
pared, if the device takes an active role in the process or not.
The comparison is simply performed by a generalized Toffoli
operation [63], acting locally on each device j (see Fig. 6), i.e.
T(j) =
d−1∑
p,s=0
δp,sP
ad
p ⊗ P acs ⊗ (Xrq)s , (42)
where Pmi = |i〉 〈i| are the projectors of the m register, and X
is the generalized Pauli operator σx of dimension d. The target
state where the operation acts on is the request register (rq)
—also denoted as control register (c) in previous sections—,
that determines the control over the actions that the device
applies in order to generate the requested superposition. The
request system is hence prepared in such a way that no actions
are invoked, in a controlled way, if the Toffoli operation is
unsuccessful, and some particular operations are invoked if
the Toffoli is performed, taking into account the effect of the
Toffoli operation in each device.
In summary, the roles of the involved registers are the fol-
lowing. The addressing qubit labels or addresses each network
device. The activation qubit identifies each device unequiv-
ocally and decides its activation. Only if these two register
states match, the device is correctly identified and effectively
turned on. Otherwise, in case their states differ, it means that
the device is not involved in the process for that concrete re-
quest, and there is no need to activate it. This process is only
implemented once. In case the device is activated, the role
of control register is thus transferred to the request register.
Subsequently, this request register defines the control of the
applied operations (see Fig. 6). The information of the ac-
tions requested to obtain the desired output state is encoded
in the program register.
Following the fully quantum setting description of Eq. (17),
in case the device is effectively activated, the controlled-
operation of Fig. 6 invokes an operation of the form∏
k |k〉rq 〈k| ⊗ U (j)k via the program register, as explained in
Sec. IIIA. The rest of the procedure takes place in an analo-
gous way than for previous sections, but with the additional
controlled addressing feature, which completes the fully quan-
tum description of Sec. IIIA. Observe that the inclusion of the
activation register, together with the program register, allows
in some way for a remote invocation of the applied controlled
unitary operations.
VII. APPLICATIONS AND FEATURES
In this section we analyze the applicability of the mecha-
nisms and techniques presented so far. We have introduced
procedures to obtain coherent superpositions of tasks. We
discuss now how the generation of these superpositions can
lead to advantages in different contexts. In order to do a
reliable analysis that justifies the benefit of generating such
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FIG. 6. Schematic illustration of controlled addressing. Each
device of the network possesses an addressing register pre-
pared in |ϕ〉ad, as well as the resource and auxiliary qubits
(grey vertices). Note that each device owns some number of
resource and auxiliary qubits, but we represent all of them
unified in one for simplicity. Additionally, each device is pro-
vided with a request register |ϕ〉rq, a program register |φU 〉
and an activation register |ϕ〉ac. A Toffoli gate is applied, such
that only if the addressing and activation registers match, the
device is effectively turned on, and the control of the oper-
ations is now defined by the request register state. A pro-
grammable operation G (Eq. 18) is applied, controlled by the
request register, resulting in the coherent application of some
unitary U on the device’s resource qubits |ϕ〉(j)res (see Sec. III A
for details).
superposed states (see Eq. 9), in general, one has to compare
them, firstly, with the corresponding classical mixtures, de-
fined by the a-priori classical probability distribution of the
different target states, i.e. |ψT 〉 = ∑i αi |ψi〉 〈ψi|. Secondly,
one has to compare the superposition features with the prop-
erties of each individual constituent generated according to
some probability distribution {αi, |ψi〉}. Orthogonality be-
tween the different constituents of the final superposition is a
crucial requirement to make these comparisons trustworthy.
For simplicity, we assume superpositions with equal-weight
coefficients in most of the examples. However, they are ex-
tendible to arbitrary-weight superpositions.
A. Entanglement structure
An important advantage that motivates the generation of
states in superposition is the entanglement structure it pro-
vides. We show two examples where this structure is found
beneficial for the generated superposed states.
1. Bound vs. maximal entanglement
Consider a network of four devices (see e.g. Fig. 5) which
implements the protocols explained in previous sections in or-
der to generate the state
|ψ〉 = 1
2
3∑
i=0
|i〉c |Φi〉12 |Φi〉34 , (43)
where {Φi} defines the basis of Bell states for qubits (Eq. 1).
Note that in this case, the control register can be determinis-
tically detached without changing the weights or turning into
extra-level systems, by just measuring it in a generalized σx
basis. The corresponding phases of the different measurement
outcomes can be corrected in a local way by appropriate uni-
tary transformations of the form
{
1, σ1zσ
2
z , σ
1
xσ
2
x, σ
1
xσ
2
xσ
1
zσ
2
z
}
,
such that the resulting state reads
|ψ〉 = 1
2
3∑
i=0
|Φi〉12 |Φi〉34 . (44)
Note that the corresponding classical mixture is ρ =
1
4
∑3
i=0 |Φi〉12 〈Φi| ⊗ |Φi〉34 〈Φi|, the well-studied state so-
called Smolin state [20]. An important property of this state
is that it is bound entangled, meaning that, although entan-
gled, the entanglement of distillation is zero, and hence pure
entanglement cannot be locally created between any biparti-
tion of a single qubit and any of the others. In opposition, the
state Eq. (44) is purely maximally entangled with respect to
all the bipartitions, i.e. the reduced density operator of each
bipartite cut corresponds to the identity operator.
Additionally, when comparing the superposed state of
Eq. (44) with the individual constituents chosen from a given
probability distribution, one can clearly see that, while all bi-
partitions of the superposed state are maximally entangled,
there exist bipartitions with zero entanglement, e.g. between
systems {1, 2} and {3, 4}, for the individual case. Therefore,
there exists a clear motivation in terms of entanglement for
generating states of the form Eq. (44), instead of working
with the individual elements or the classical mixture of the
constituents.
2. Entanglement vs. no-entanglement
Our approach can also be conceived as a hierarchical en-
tanglement decision tool, where the control register can de-
termine, at a later stage, if the final state is entangled or not.
This can be simply seen from the following example. With
the tools introduced in this work, we can generate a state of
the form
|ψ〉 = 1√
2
1∑
i=0
|i〉c |ii〉12 , (45)
between two systems 1 and 2. Subsequently, the initiator de-
vice, which owns the control system, can decide from the out-
side, by appropriately choosing the measurement basis, if the
final state will be entangled or not. A projective measurement
of the control qubit in the Pauli σx basis leads to a Bell state
between parties 1 and 2, while a measurement in the Pauli
σz basis leads to a product state, up to local corrections. In
both cases, these corrections can be applied locally. In par-
ticular, for the first situation, the state
∣∣Φ+〉 can be obtained
deterministically.
B. Stability under losses
In several cases, states in superposition also exhibit stronger
stability, in terms of entanglement, under errors or losses.
1. Superposition of GHZ states
Consider again the state Eq. (41), i.e.
|Ψ〉f =
1
2
3∑
i=0
|2〉i |GHZ〉N/i , (46)
which consists of all the possible permutations of 3-party GHZ
states shared among 4 different parties, where the extra-level
modification is included to ensure orthogonality between el-
ements. In Sec. VA and Sec. VB the detailed process to
generate this state is provided. When e.g. two systems of
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the state Eq. (46) are lost or traced out, the remaining state
is still entangled at a bipartite level. More precisely, the re-
maining state has negativity N = 0.1, where the negativity is
defined as the absolute value of the sum of the negative eigen-
values of the partial transposition of the state, N = ||ρ
Ta ||−1
2
.
However, if one studies the corresponding classical mixture,
i.e.
1
4
3∑
i=0
|2〉i 〈2| ⊗ |GHZ〉N/i 〈GHZ| , (47)
under analogous circumstances, i.e. two systems are lost, one
can observe that the state Eq. (47) becomes separable. In
the same direction, in case only one system is lost, the state
resulting from Eq. (46) presents larger entanglement than the
one resulting from the classical mixture, Eq. (47) with respect
to all the bipartitions.
One can also compare the superposition of Eq. (46) with
respect to the individual constituents generated from a proba-
bility distribution. In this case, given a single GHZ state, two
immediate features arise. First, as before, when two systems
are lost, it always leads to a separable state. Secondly, assume
the control register has not been detached and one system is
lost. Therefore, from the superposition of Eq. (46) one can
always probabilistically go to a perfect GHZ shared by three
parties, by simply measuring the control register in the Pauli
σz basis. This is not possible in the individual-constituent
case.
Similar results are found when considering superposition of
all the possible Bell pair connections between three parties,
as well as when considering superposition states of increasing
entanglement order, i.e. between product states, Bell states
and GHZ states as elements of the superposition.
2. Superposition of states with different entanglement
structures
One can also provide the control register with the possibil-
ity of deciding the entanglement structure of the final state.
Similarly to Sec. VIIA 2, we can generate a state of the form
|ψ〉 = 1√
2
(|0〉c |GHZ1〉1234 + |1〉c |GHZ2〉1234) , (48)
where |GHZ1〉 = 1√2 (|0000〉 − |1111〉) and |GHZ2〉 =
1√
2
(|0011〉 + |1100〉). Therefore, by choosing the measure-
ment basis of the control register, the entanglement structure
of the final state is decided. If the control register is mea-
sured in the Pauli σz basis, a GHZ state is found. However,
if the control qubit is measured in the Pauli σx basis, a clus-
ter state C1D is obtained (up to phase corrections), where
|C1D〉 = 12 (|0000〉+ |0011〉+ |1100〉 − |1111〉) is the one di-
mensional cluster state.
In a similar direction, one can also generate superposition
of states with different entanglement structure. Consider for
instance the state
|ψ〉 = 1√
2
|0〉c |GHZ〉1234 +
1√
2
|1〉c |C1D〉1234 , (49)
Note that the states C1D and GHZ are orthogonal. The state
of Eq. (49) exhibits similar properties as the ones in the pre-
vious examples. Once the control register is measured and
detached, since orthogonality condition is fulfilled, and con-
sidering that two systems are lost, the remaining state is still
entangled, with negativity N = 0.35 for each of the branches
of the measurement. In opposition, the corresponding classi-
cal mixture,
|ψ〉 = 1
2
|GHZ〉1234 〈GHZ|+
1
2
|C1D〉1234 〈C1D| , (50)
becomes separable under the same assumptions. For one lost
system, the remaining entanglement is again larger in the su-
perposition case, in terms of negativity, for any bipartition
cut. Similarly, if one considers each state individually, one
finds that each state becomes separable if two systems are
lost, while the superposition remains entangled.
Further examples exist where the superposition always ex-
hibits stronger entanglement robustness under errors or losses
of systems, when comparing with the corresponding classical
mixture. In particular, the examples presented above stress
the motivation of generating superposition states due to their
entanglement stability under losses, where indeed the corre-
sponding classical mixtures become separable in some situa-
tions.
C. Superposed destinations
The techniques introduced in Sec. IVC1 to add control
to sending of quantum information can be used to distribute
information to several parties within a network in a coherent
way. Consider an scenario where the initiator device shares
a Bell state with each of the network devices. Given some
arbitrary state |ϕ〉 = α |0〉+ β |1〉 that the initiator owns, and
given the tools of Sec. IVC1, one can directly generate a state
of the form
|Ψ〉 = 1√
n
n∑
i
|i〉c |ϕ〉i |0〉⊗n−1n 6=i . (51)
One finds a superposed state, whose elements correspond to
the state |ϕ〉 being distributed among each of the network
devices. In order to detach the control register, one can
again apply the controlled-extra level modification explained
in Sec. VB, which allow us to correct unwanted phases and,
besides, make the final state constituents orthogonal to each
other. The final state then reads
|Ψ〉 = 1√
n
n∑
i
|ϕ〉i |2〉i⊕1 |0〉⊗n−1n 6=i,i⊕1 , (52)
where ⊕ denotes addition mod n. Note that unwanted phases
from the measurement of the control register can be suit-
ably corrected by applying controlled operations of the form
|2〉 〈2| ⊗ U (i), where U (i) depends on the position of the |2〉
state.
An intimidate application of this example is the case where
one aims to send information to a subset of parties, but does
not want to decide yet who will ultimately receive the infor-
mation.
D. Superposition of paths
One can also understand the mechanisms for generating
states in superposition in the following way. Consider a net-
work with several nodes connected by some resource state
(e.g. a 2-D cluster state), where direct communication links
between network constituents aim to be established. The sim-
plest scenario, illustrated in Fig. 7, consist of two parties, a
and i, between which a direct communication link should be
provided. Different approaches for solving this, and more ad-
vance routing problems have been studied [49, 50, 53]. Typi-
cally, for qubit graph state resources, the easiest way to con-
nect parties a and i (Fig. 7) consists in finding the shortest
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path between the two parties and measure the intermediate
nodes in the Pauli σx basis, followed by Pauli σz measure-
ments of the path neighbourhood. Following our approach,
consider some resource state |ψ〉res and a control register at-
tached, as explained in previous sections,
|Ψ〉in =
1√
2
(|0〉c + |1〉c) |ψ〉res . (53)
Based on the example of Fig. 7, the desired target state is∣∣Φ+〉
ai
, and an equal-weight superposition between two differ-
ent possible paths to reach that target state can be prepared,
i.e.
|Ψ〉in =
1√
2
|0〉c σdxσgxσhx
∏
σN0z |ψ〉res +
1√
2
|1〉c σbxσcxσfx
∏
σN1z |ψ〉res . (54)
The Pauli operators σz act on the neighbourhood of the ele-
ments of each path, where paths are labelled as 0 and 1, in
order to isolate the desired Bell pair connection. Each con-
stituent of the superposition defines the actions to be done for
each case, leading to a final state of the form
|Ψ〉in =
1√
2
|0〉c
∣∣Φ+〉
ai
∣∣ψ′〉
res
+
1√
2
|1〉c
∣∣Φ+〉
ai
∣∣ψ′′〉
res
,
(55)
where the desired Bell pair is obtained in both cases, but
following different directions, therefore modifying the resource
state in different ways. One possible application of this scheme
regards the protection against errors. Since a path does not
have to be chosen beforehand, the process is consequently
protected against possible failures or errors of individual nodes
of the resource.
a
i
b c
d e f
g h
+
1
2
1
2
FIG. 7. Example of superposition of paths. Given some
resource state (e.g. 2D cluster state) connecting several nodes
in a network, a coherent superposition can be obtained in a
controlled way between different network routes in order to
connect two parties (a and i).
E. Encoding and delocalized quantum information
One can also conceive the quantum network as a tool to
distribute and store quantum information. In particular, the
protocols allow one to generate the states required in order to
encode quantum information into a network of several devices
in a straightforward way. Instead of getting rid of the control
register, it can be used to encode and delocalize quantum
information. Following [64], consider a state of the form
|ψ〉 = 1√
2
(|0〉c |0L〉+ |1〉c |1L〉) , (56)
with two codewords |0L〉 , |1L〉, which are essentially two or-
thogonal states of n qubits correpsonding to some error cor-
rection code. As we have shown, the tools presented in this
paper provide the possibility of generating states of the form
Eq. (56), for different codeword pairs. From state Eq. (56),
the control system can encode the information of any arbi-
trary state |ϕ〉 = α |0〉+ β |1〉 by distributing it throughout a
n-party network. This is simply accomplished by performing
a Bell measurement between the initiator control qubit and
the arbitrary state qubit, such that the final state reads
|ψ〉 = 1√
2
(α |0L〉+ β |1L〉) . (57)
This delocalization process offers a natural protection of the
quantum information under errors or losses of individual par-
ties. In the same direction, this construction can be useful for
some settings in the context of quantum secret sharing [6, 7],
where a dealer (the control system) aims to share a secret be-
tween all the constituents. The secret is defined by parameters
α, β and only authorized sets of parties can, collaboratively,
access to it.
F. Other applications
We briefly discuss in this section some ideas for possible
further applications of adding control to different tasks in a
coherent way, although we do not discuss them in detail. We
hope that this work motivates additional analysis and exten-
sions for these and other applications.
1. Superposition of QEC and QKD protocols
Similarly to Sec. VII E, one can generate superpositions of
different encodings or codes such as e.g. quantum error cor-
rection (QEC) codes [65, 66]. Consider two codes, C1 and
C2, where e.g. one is particularly adequate for correcting
amplitude-bit errors and the other for correcting phase-bit
errors. We conjecture that a superposition of both, i.e.
|Ψ〉 = α|ψ(C1)L 〉+ β|ψ(C2)L 〉, (58)
might lead to advantages for correcting certain kind of errors
under specific circumstances.
On the other hand, one can also consider Quantum Key
Distribution (QKD) protocols [3, 4]. The simplest case, the so-
called BB84 protocol [4], basically consists in Alice preparing
a bit string of qubits in the |0〉 or |1〉 states out of two possible
bases (e.g. σz and σx bases). The information of the bases is
encoded in another bit string. The qubit bit string is sent to
Bob, who randomly chooses a basis to measure each qubit. By
classical publication of the chosen bases of each one, they can,
by comparison, generate secure quantum keys protected from
attacks. With our mechanisms, one can for instance, generate
superposition of different BB84 protocols, in such a way that
each constituent of the superposition involves a different BB84
with a different pair of bases, such as e.g. {σz, σx}, {σz, σy}
and {σx, σy}. This might improve the protocol performance,
including the number of qubits required or the stability under
errors.
2. Sending of qubits
We have considered in this paper sending of quantum in-
formation via teleportation. Following Sec. IVC1, we are
able to generate states in superposition between teleporting
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some desired state and not teleporting any useful information
(or not teleporting at all). This framework can be extended
to directly sending —or not— a qubit via quantum channel.
More precisely, the information carrier should be sent or not.
When using ions or atoms as information carriers, this implies
that the classical process to send the atom or not needs to be
controlled - or alternatively an atom is always transmitted,
either the one carrying information or some auxiliary one pre-
pared in a dummy state. The latter solution however requires
the usage of the channel also in cases where no quantum in-
formation is transmitted.
In the more realistsic setting where photons are used as
information carriers, one should be able to add control at a
quantum level. Following some of the existing techniques in
cavity-QED with ions in cavities (see e.g. [67]), where the in-
ternal state of the ion is mapped to the cavity field that even-
tually leaks out and is transmitted as a photon, one should
be able to generate such a superposition state by just adding
control to the mapping process via a second ion stored in the
cavity. No photon will be generated (and hence transmitted)
if the control qubit is in state |0〉.
3. Distributed quantum sensing
Quantum metrology [12, 68] allows to carry out high pre-
cision measurements of certain physical quantities with an
improved precision as compared to classical techniques. In
particular, distributed quantum sensing [12] consists of dis-
tributed multi-partite entangled sensor states, located and
measured at different positions, in order to determine certain
non-local physical quantities such as field gradients or higher
moments of a scalar field. The quantum systems are prepared
in particular states and evolve for a certain time, before they
are finally measured in a certain way. With the techniques
shown in this paper, one would be in principle able to gener-
ate superpositions at any step of the sensing process, including
superposition between different experiments, e.g. between the
measurement of some component of a constant field and the
gradient on another component. We conjecture that the gen-
eration of these superpositions could lead to better efficiency
and performance results for distributed quantum sensing pro-
cedures. Note however, that further extensions or modifica-
tions of our methods would be needed. While in principle we
can establish coherent superpositions of different experiments,
including the preparation of different states and running ex-
periments for different times, at the level of measurements a
problem arises. By definition, quantum metrology deals with
the measurement of unknown states, as the desired (unknown)
information of the quanity of interest is encoded in the states
and revealed by measurements. The methods to add coherent
control to measurements we presented in this work however
require at least partial knowledge of the state to be measured,
and are hence not directly applicable.
VIII. SUMMARY AND CONCLUSIONS
In this paper we have shown how to provide quantum net-
works with a truly quantum functionality. This novel func-
tionality allows network devices to handle or operate with
coherent superpositions of different tasks. The preparation
of these superpositions is achieved by effectively controlling
classical tasks in a coherent way. Adding explicit control to
classical task is, in general, an impossible process. However,
we have presented mechanisms, based on the control of quan-
tum unitary operations, that can mimick the desired behavior.
The crucial element is that the classical part is not controlled,
but always performed, either acting usefully on the desired
state or in vain on some dummy state. This mechanism in-
volves the application of controlled-swap operations followed
by a measurement of some auxiliary particles. Different tools
arise from this approach, such as the possibility of effectively
performing controlled-measurements, as well as e.g. the gen-
eration of superposition of sending or not sending information,
or merging or not merging two graph states. Based on these
tools, superposition of different tasks can be generated, either
with or without external control. For this later case, we show
procedures to suitably detach the control register while keep-
ing the coherence and orthogonality of the state constituents.
Finally, we have shown different promising applications that
emerge from our approach. Among them, one can highlight
the possibility of preparing superpositions of states shared be-
tween different devices, superpositions of distributing quan-
tum information through different paths or to different des-
tinations, and superpositions of encoding information among
different devices. These examples demonstrate possible ad-
vantages, most notable built-in robustness and favourable en-
tanglement features. We hope that this work motivates future
investigations of further possible extensions or applications of
the truly quantum functionality of quantum networks intro-
duced here.
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Appendix A: Impossibility of coherently controlled measurements
We provide indications that a controlled known measurement performed in a coherent way on some unknown state is not
realizable. Given a control and a target qubit, the desired effect of the operation is to obtain a coherent superposition between
the target state being measured —in case the control qubit is in |1〉— and not measured —when control qubit is in |0〉—, as
explained in Sec. IVA. For that purpose, consider two qubit registers. The first one, conceived as control register, is given in
the state:
|ϕ〉c = αc |0〉+ βc |1〉 , (A.1)
where coefficients αc and βc define the weights of the desired superposition. The measurement is performed in a controlled way
on some target state |ψ〉t. The desired effect for an arbitrary projective measurement M = {Ak} is
|ϕ〉c|ψ〉t → {pk, α0|0〉c|ψ〉t + α1|1〉|ψk〉}, (A.2)
with
∑
k A
†
kAk = 1. One sees that different branches arise from the measurement, each one corresponding with each measurement
outcome, with probability pk.
a. Observation 1
In this first observation, we try to show that the required controlled measurement is not a valid quantum operation, by
considering a general initial setting, and the desired final state. We see that, apparently, linearity of the operation is not
guaranteed.
Consider again two qubit registers prepared in arbitrary states, |ϕ〉c = αc |0〉 + βc |1〉 and |ϕ〉t = αt |0〉 + βt |1〉 respectively,
with |αi|2 + |βi|2 = 1. The first qubit is conceived as the control register and the second as the target. One aims to apply a
controlled-measurement operation between the two qubits. The desired effect of the controlled measurement is given by Eq.
A.2. Consider the initial state
ρ0 = |ψ0〉 〈ψ0| , (A.3)
where |ψ0〉 is the composite system
|ψ0〉 = |ϕ〉c |ϕ〉t = αcαt |00〉+ αcβt |01〉+ βcαt |10〉+ βcβt |11〉 = a |00〉+ b |01〉+ c |10〉+ d |11〉 , (A.4)
where coefficients have been relabelled for simplicity. We assume a projective measurement performed in the computational
basis. Since two different branches arise from the measurement (see Eq. A.2), the desired final state has to be described as a
classical mixture of two states, each one corresponding to each of the possible outcomes of the projective measurement:
ρf = p1 |ψ1〉 〈ψ1| ⊗ |1〉m 〈1|+ p2 |ψ2〉 〈ψ2| ⊗ |2〉m 〈2| , (A.5)
where register m defines the apparatus state, i.e. the outcome of the measurement. Besides, p1 + p2 = 1, where
|ψ1〉 = a |00〉+ b |01〉+
√
cc∗ + dd∗ |10〉 = αc |0〉c |ϕ〉t + |βc| |1〉c |0〉t , (A.6)
|ψ2〉 = a |00〉+ b |01〉+
√
cc∗ + dd∗ |11〉 = αc |0〉c |ϕ〉t + |βc| |1〉c |1〉t , (A.7)
with p1 = cc
∗
cc∗+dd∗ = |αt|2 and p2 = dd
∗
cc∗+dd∗ = |βt|2.
Observe that the desired superposition is found for each term of the mixture. For each individual term, the measurement
is performed if the control qubit is in the state |1〉 with probability |βc|2, where βc =
√
|c|2 + |d|2. The target qubit remains
untouched if the control state is |0〉 (with probability |αc|2). Therefore, in each branch of the measurement, a coherent
superposition of measuring and not measuring the target qubit (with their corresponding probabilities) is found. It is however
straightforward to see that the map from Eq. (A.3) to Eq. (A.5), i.e. ξ (ρ0) = ρf , is not a linear transformation, i.e.
ξ
(∑
i piρi
) 6= ∑i piξ(ρi). By direct inspection one observes that the off-diagonal terms of Eq. (A.5) related with the control
qubit being in the state |1〉 are not linear functions of the elements of Eq. (A.3). This might indicate that the map is not linear
and, consequently, it is not a valid quantum operation.
b. Observation 2
In this second observation, we assume that the controlled measurement is linear and we find inconsistencies that might
indicate that the linearity assumption is not correct.
First, consider the desired effect of a controlled measurement on different states. For simplicity, we choose the control state
to be in the |ψ〉c = |+〉 state, i.e. same weights of the desired superposition. Besides, we consider a projective measurement in
the computational basis. The initial state reads
|ϕ〉 = |+〉c |ψ〉t =
1√
2
(|0〉c |ψ〉t + |1〉c |ψ〉t) . (A.8)
The desired effect of the operation for different target states and the different measurement branches is:
• |ψ〉t = |0〉
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|Φ00〉 = 1√
2
(|0〉c |0〉t + |1〉c |0〉t) with p = 1 (A.9)
|Φ01〉 = 1√
2
(|0〉c |0〉t + |1〉c |1〉t) with p = 0 (A.10)
• |ψ〉t = |1〉
|Φ10〉 = 1√
2
(|0〉c |1〉t + |1〉c |0〉t) with p = 0 (A.11)
|Φ11〉 = 1√
2
(|0〉c |1〉t + |1〉c |1〉t) with p = 1 (A.12)
• |ψ〉t = |+〉
|Φ+0〉 = 1√
2
(|0〉c |+〉t + |1〉c |0〉t) with p = 12 (A.13)
|Φ+1〉 = 1√
2
(|0〉c |+〉t + |1〉c |1〉t) with p = 12 (A.14)
• |ψ〉t = |−〉
|Φ−0〉 = 1√
2
(|0〉c |−〉t + |1〉c |0〉t) with p = 12 (A.15)
|Φ−1〉 = 1√
2
(|0〉c |−〉t − |1〉c |1〉t) with p = 12 (A.16)
Consider now the state ρt = 121. The initial state now reads ρ0 = |+〉c 〈+| ⊗ 121t. We analyze two different cases arising from
this:
1. Decompose ρt = 121 =
1
2
|0〉 〈0|+ 1
2
|1〉 〈1|.
From this decomposition and from the initial state ρ0, assuming that the controlled-measurement we consider is linear, the
operation applied to ρ0 leads to
ρ =
1
2
|Φ00〉 〈Φ00| ⊗ |0〉M 〈0|+
1
2
|Φ11〉 〈Φ11| ⊗ |1〉M 〈1| , (A.17)
where the states |Φij〉 are the desired actions previously defined, and the register M defines the apparatus state, i.e. the
measurement outcome.
1. Decompose ρt = 121 =
1
2
|+〉 〈+|+ 1
2
|−〉 〈−|.
Analogously, for this decomposition and the effect on different target states shown above, the final state reads
ρ =
1
4
|Φ+0〉 〈Φ+0| ⊗ |0〉M 〈0|+
1
4
|Φ+1〉 〈Φ+1| ⊗ |1〉M 〈1|+
1
4
|Φ−0〉 〈Φ−0| ⊗ |0〉M 〈0|+
1
4
|Φ−1〉 〈Φ−1| ⊗ |1〉M 〈1| . (A.18)
One can easily see that expressions Eq. (A.17) and Eq. (A.18) do not match. This contradiction might directly indicate that
our assumption is wrong, and the controlled-measurement is indeed not linear.
Appendix B: Controlled sending
In this appendix, we provide the formalization of the controlled-sending introduced in Sec. IVC1 by means of quantum
teleportation. Crucially, we observe that the coefficients of the superposition do not change throughout the process. The initial
state reads
|Ψ〉in =
(
α0 |0〉c + α1 |1〉c
) |ψ〉a1 ∣∣Φ+〉a2b |0〉ax1 |+〉ax2 , (B.1)
where party A possesses five qubits, the control register c, one qubit in the arbitrary state |ψ〉a1 = α |0〉 + β |1〉 (to be sent),
another one a2 sharing a Bell state with party B, and two auxiliary qubits (ax1 and ax2) initialized in the states |0〉ax1 and
|+〉ax2 respectively. Party B just possesses the qubit b of the Bell state
∣∣Φ+〉
a2b
= 1√
2
(
|00〉a2b + |11〉a2b
)
. First, the controlled-
swap operation of Eq. (25) is applied simultaneously between qubits a1 and ax1, and qubits a2 and ax2, such that the global
states evolves to
|Ψ〉 = α0 |0〉c |0〉ax1 |+〉ax2
∣∣Φ+〉
a2b
|ψ〉a1 +
1√
2
α1 |1〉c
(
α
(
|000〉ax1ax2b + |011〉ax1ax2b
)
+ β
(
|100〉ax1ax2b + |111〉ax1ax2b
))
|0〉a1 |+〉a2 .
(B.2)
Second, a Bell measurement is always applied by party A between systems ax1 and ax2. Assuming the outcome of this
measurement is Φi, and taking into account the decomposition
|00〉 = 1√
2
(∣∣Φ+〉+ ∣∣Φ−〉) , |11〉 = 1√
2
(∣∣Φ+〉− ∣∣Φ−〉) , (B.3)
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the state evolves to
|Ψ〉 = α0 |0〉c
1
2
|Φi〉ax1ax2
∣∣Φ+〉
a2b
|ψ〉a1 + α1 |1〉c
1√
2
(
1√
2
α |Φi〉ax1ax2 |0〉b +
1√
2
β |Φi〉ax1ax2 |1〉b
)
|0〉a1 |+〉a2 . (B.4)
In case another measurement outcome is found, a controlled unitary correction operation on qubit b of the form |0〉c 〈0| ⊗ 1 +
|1〉c 〈1| ⊗ σbi is necessary. Note that, since the control register belongs to party A, this correction can always be introduced by
party B applying locally the unitary σi on qubit b, followed by party A applying the controlled unitary |0〉c 〈0|⊗σᵀi + |1〉c 〈1|⊗1
on qubit a2. Finally, after re-normalization the desired state is found:
|Ψ〉f =
(
α0 |0〉c |ψ〉a1
∣∣Φ+〉
a2b
+ α1 |1〉c |0〉a1 |+〉a2 σi |ψ〉b
)
|Φi〉ax1ax2 . (B.5)
Therefore, the weights of the superposition remain unchanged and the desired target state is generated, where the state |ψ〉 is
teleported in case of the control qubit is in |1〉, and the state |ψ〉 and the shared Bell pair are kept untouched otherwise.
Additionally, if one is not interested on keeping the initial Bell state between parties A and B, qubit a2 can be measured in
the computational basis. Assuming the outcome |0〉 is obtained, the resulting state is
|Ψ〉f =
(
α0 |0〉c |0〉b |ψ〉a1 + α1 |1〉c |ψ〉b |0〉a1
) ∣∣Φ+〉
ax1ax2
|0〉a2 , (B.6)
where the state has been re-normalized.
Appendix C: Controlled merging
In this appendix, we provide a detailed mathematical description of the controlled-merging of graph states of Sec. IVC3.
The initial state consists of two graph states, an auxiliary qubit, and a control register (see Fig. 4)
|Ψ〉in = α0 |0〉c |G1〉 |G2〉 |+〉aux + α1 |1〉c |G1〉 |G2〉 |+〉aux , (C.1)
where |Gi〉 = 1√2
(
|0〉ai |Gi/ai〉+ |1〉ai
∏
σ
Nai
z |Gi/ai〉
)
. Qubits a1, a2 and aux belong to the same device A, which also possesses
the control register. We analyze both branches of Eq. (C.1) independently. First, consider the case where the control register
is in |0〉c the state. In this case, a swap operation is applied between qubits a2 and aux. Note that, in the rest of the paper,
we consider that the swap is performed if the control register is in |1〉c. We change here this criteria for convenience. After the
swap operation is applied, the state of the |0〉c branch reads:
1√
2
α0 |0〉c |G1〉
(
|+〉a2 |G2/aux〉 |0〉aux + |+〉a2
∏
σ
Naaux
z |G2/aux〉 |1〉aux
)
.
Finally, the merging measurement {P0 = |0〉 〈00|+ |1〉 〈11| , P1 = |0〉 〈01|+ |1〉 〈10|} is performed between qubits a1 and a2. By
expanding |G1〉, one finds, for both measurement outcomes:
1
2
√
2
α0 |0〉c
(
|0〉a˜1 |G1/a˜1〉+ |1〉a˜1
∏
σ
Na˜1
z |G1/a˜1〉
)(
|0〉aux |G2/aux〉+ |1〉aux
∏
σ
Naaux
z |G2/aux〉
)
, (C.2)
where a˜1 is the resulting qubit of merging a1 and a2.
On the other hand, for the branch of Eq. (C.1) corresponding to |1〉c, the swap operation is not applied.Therefore, the next
step is the merging operation. The state before the measurement is
1
2
α1 |1〉c
(
|0〉a1 |G1/a1〉+ |1〉a1
∏
σ
Na1
z |G1/a1〉
)(
|0〉a2 |G2/a2〉+ |1〉a2
∏
σ
Na2
z |G2/a2〉
)
|+〉aux .
After merging qubits a1 and a2 into a˜1, the resulting state for the outcome corresponding to P0 is
1
2
α1 |1〉c
(
|0〉a˜1 |G1 ∪G2/a˜1〉+ |1〉a˜1
∏
σ
Na˜1
z |G1 ∪G2/a˜1〉
)
|+〉aux , (C.3)
where Na˜1 = Na1 ∪Na2 . In case the measurement outcome corresponds to P1, the state is
1
2
α1 |1〉c
(∏
σ
Na2
z |0〉a˜1 |G1 ∪G2/a˜1〉+ |1〉a˜1
∏
σ
Na1
z |G1 ∪G2/a˜1〉
)
|+〉aux .
Therefore, in case one obtains the merging measurement outcome corresponding to P1, a controlled correction operation of the
form |0〉c 〈0| ⊗1+ |1〉c 〈1| ⊗
∏
σ
Na2
z is required to recover the state of Eq. (C.3). Note that the controlled correction is intended
to have no influence on the other branch of the superposition, such that the probabilities of pretending to measure each branch
individually are such that the weights in the superposition do not change. This is possible due to the orthogonality of the
constituents of the superposition.
Taking into account Eq. (C.2) and Eq. (C.3), and by simply relabelling qubits aux→ a2 and a˜1 → a1, the final global state
after re-normalization reads
|Ψ〉f = α0 |0〉c |G1〉 |G2〉+ α1 |1〉c |G1 ∪G2〉 |+〉a2 , (C.4)
where a superposition between two graph states unaltered and two graph states merged is found. Observe that, crucially,
superposition weights remain unchanged through the process. Note also that qubit a2 of the second branch is now some
auxiliary qubit that has been relabelled for convenience.
